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Abstract

Mixing processes in turbulent fluid motion are of fundamental interest in many situations in engineering practice. Due to its
practical importance in a vast number of applications, the generic configuration of the jet in cross-flow has been studied extensively
in the past. Recently, the question has received a lot of attention, whether the unsteady behavior of the jet in cross-flow can be
influenced by either active or passive means in order to control and enhance the mixing process. In the present paper, we use the
large eddy simulation (LES) methodology to investigate how turbulent mixing can be enhanced by varying the angle between the jet
and the oncoming cross-flow. After validating the computations against measurements by Andreopoulos and Rodi, we analyze
qualitatively and quantitatively the mixing process for three configurations with different angles. It is shown that the inclination
influences the characteristics of vortical structures and secondary motion which in turn have an effect on the mixing process. Besides
a PDF of the passive scalar and a scalar energy spectrum, a mixedness parameter is used to provide information with respect to the

quality and rate of mixing.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Mixing processes in turbulent fluid motion are of
fundamental importance in many situations in engi-
neering practice such as pollutant formation, heat and
mass transfer and chemical reactions. In a variety of
engineering applications, the need for the efficiency of
mixing systems and optimization of mixing processes
has strongly increased. For example, a very important
parameter in the design of lean premixed gas turbines is
the degree of mixing between air and fuel prior to
combustion. However, the physics of mixing processes
are extremely complex and not well understood due to
the intriguingly complex topology of the fluid and scalar
motion. For complex configurations, a comprehensive
knowledge of the phenomena can nowadays well be
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achieved by solving the equations governing the pro-
cesses involved.

Due to its practical relevance in engineering and
environmental applications, the generic configuration of
the jet in cross-flow (in which a jet issues into a uniform
free stream, boundary layer, duct flow, etc.) has been
studied extensively in the past. A good review on the jet
in cross-flow has been given by Margason (1993), hence
we here restrict ourselves. Experimental data on turbu-
lence and mixing statistics have been reported by a
number of groups, e.g. Kelso et al. (1996) or Kim et al.
(1999). In this paper, we chose the comprehensive
measurements by Andreopoulos (1983) and Andreopo-
ulos and Rodi (1984) as a reference to validate our
simulations. During the last decade, many experimental
as well as numerical studies have shown that the pres-
ence of three-dimensional and unsteady vortical struc-
tures provides a very efficient mechanism for the mixing
process between the jet and the cross-flow. The complex
vortical structures in the near field and the wake of the
jet have been investigated by a number of groups. Using
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flow visualization techniques, Fric and Roshko (1994)
found four different types of vortices. In addition to a
horse-shoe vortex developing in front of the jet, the jet
itself forms ring-like vortices (due to shear-layer insta-
bilities) and a counter rotating bound vortex pair.
Depending on the jet to cross-flow velocity ratio, wake
vortices extending vertically from the wall to the jet can
also be observed (similar to the wake vortices forming
behind a bluff body). The mechanisms governing the
development of these vortices are still a matter of debate
as can be seen in Lim et al. (2001).

From a numerical point of view, the strongly un-
steady behavior mentioned above makes steady-state
modeling (i.e. Reynolds-averaged Navier-Stokes), at
best, an approximation, suggesting the use of the large
eddy simulation (LES) approach. By filtering the gov-
erning equations, all scales of motion and mixing
smaller than a given filter width (the so-called sub-grid
scales, SGS) are removed, while the large scales are
explicitly computed. The influence of the unresolved
small scales on the resolved flow must be modeled. Since
the small scales of the flow are expected to be of uni-
versal nature, a high level of accuracy can be achieved in
the prediction of flow by using relatively simple sub-grid
models. For the scalar field, conclusive experimental
evidence shows that structure functions and derivative
skewness of the scalar field do not follow the assumption
of isotropy at inertial and dissipative scales in the
presence of a mean scalar gradient (see e.g. Warhaft,
2000 or Kang and Meneveau, 2001). This implies a di-
rect effect of large-scale structures on small-scale struc-
tures, so that the anisotropic behavior of the
micromixing has to be accounted for a consistent SGS
scalar modeling (see Huai et al., in press). However,
most simulations use an eddy diffusivity model in which
the unresolved scalar flux terms are aligned with the
resolved-scale scalar gradient and are assumed to be
proportional to an isotropic sub-grid viscosity. This
kind of models has found to give acceptable results in
the past.

Early LES computations of a jet in cross-flow have
been performed by Jones and Wille (1996). Yuan and
Street (1998) used large eddy simulation to study the
entrainment of cross-flow fluid into the jet which is
important for the mixing process. Yuan et al. (1999)
applied LES to investigate the effect of coherent struc-
tures upon the evolution of mean velocities, resolved
Reynolds stresses, and turbulent kinetic energy along
the center line of a round jet in cross-flow. Recently,
results for LES of jets in cross-flow and its application to
gas turbine burners were reported by Schliiter and
Schonfeld (2000). Mengler et al. (2001) compared LES
predictions of momentum and scalar fields with experi-
ments by Andreopoulos and Rodi (1984) and Andreo-
poulos (1983) and second order turbulence closure
calculations.

Lately, much attention has been paid to the question
whether the unsteady behavior of the jet in cross-flow
can be influenced by either active or passive means in
order to control and enhance the mixing process. On the
experimental side, Chang and Vakili (1995) introduced a
periodic forcing of the jet to increase the mixing effi-
ciency, Nakabe et al. (2001) investigated the influence of
different arrangements of two jets inclined normal to the
cross-flow direction and Wu et al. (2003) used a sleeve
tube to influence the wall heat transfer for cooling jets.
On the numerical side, Hilgers (2000) reported LES
studies which aim at the improvement of the turbulent
jet mixing. Priere et al. (2004) used large eddy simulation
to study the effect of mixing devices on a row of jets
issuing into a duct. However, no systematic study of the
influence of geometrical parameters on the efficiency of
the mixing has been numerically performed.

The present work focuses on a comparative analysis
of the effect of an inclination of the jet with respect to
the cross-flow direction on the flow and mixing phe-
nomena using LES. We investigate three cases with a
velocity ratio of R=0.5 at a Reynolds number of
20,500: a jet issuing perpendicular into the cross-stream
and two cases where the jets are inclined by +/-30°,
respectively. We validate the obtained results with
experimental data for the mean and turbulent flow and
scalar quantities and analyze the configurations with
respect to mean and turbulent statistics as well as the
quality of mixing.

In Section 2, the governing equations are briefly
presented along with the LES methodology and the
numerical scheme. Section 3 specifies the configurations
under investigation as well as the grid and boundary
conditions used. Results are then reported in Section 4
in two steps. First, the precision of the LES results is
evaluated by a comparison with available experimental
data by Andreopoulos (1983) and Andreopoulos and
Rodi (1984). Then, a comparative analysis of the mixing
for the three cases is presented, emphasizing the influ-
ence of the unsteady vortical structures using appro-
priate quantitative parameters. Finally, our findings are
summarized in Section 5.

2. Governing equations and numerical scheme

The filtered Navier—Stokes equations along with the
filtered continuity equation describe the behavior of any
Newtonian fluid here considered with constant density.
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An additional filtered scalar transport equation is
used to describe the evolution of a passive scalar,
namely the mixture fraction f.
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The mixture fraction which is commonly used for
diffusion flame modeling can be viewed as a dimen-
sionless fuel concentration. It is defined as f =0 for
pure oxidizer and f = 1 for pure fuel. It can be used for
any two-feed system to describe the mixing ratio be-
tween the two different fluids. The diffusion coefficient of
mixture fraction D is linked to viscosity via the Schmidt
number (D = v/Sc), for which a value Sc = 0.7 is as-
sumed. This relates to gaseous mixing.

A simple Smagorinsky model is employed for the sub-
grid scale stress-tensor 7%, with Lilly’s formulation of
Germano’s dynamic procedure for the determination of
the model coefficient (Lilly, 1992). For the SGS scalar
flux J595, let us recall that recent experimental evidence
show that the scalar field does not follow the assumption
of universality and isotropy at inertial and dissipative
scales in the presence of a mean scalar gradient. This
implies a direct effect of large-scale structures on small-
scale structures. Therefore, the LES approach based
upon the small-scale universality and isotropy with an
absence of strong coupling across disparate length scales
(energy cascade) is acceptable for momentum transport,
but not valid for the small-scale mixing due to the
anisotropic behavior of the micromixing. However,
most simulations use an eddy diffusivity model in which
the unresolved scalar flux terms are aligned with the
resolved-scale scalar gradient and are assumed to be
proportional to an isotropic sub-grid viscosity. Al-
though modeling issues (see discussion in Section 1) are
currently being studied by Huai et al. (in press), in the
present work we employ the eddy diffusivity model for
the sub-grid scalar flux J365, assuming a constant
Schmidt number relationship between the turbulent
diffusion coefficient and the turbulent viscosity
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All the governing equations are integrated into the
three-dimensional finite-volume CFD code FASTEST-
3D. The code features geometry-flexible block-struc-
tured, boundary-fitted grids with collocated variable
arrangement. Second-order central schemes taking into
account the grid non-orthogonality by means of multi-
linear interpolation (Lehnh&user and Schafer, 2002) are
used for spatial discretization except for the convective
term in the scalar transport equation. Here, a flux-lim-
iter with TVD (total variation diminishing) properties is
employed to ensure bounded solutions for the mixture
fraction. Pressure-velocity coupling is achieved via a

SIMPLE similar procedure. As time integration scheme
the second-order implicit Crank—Nicolson method is
used. The resulting set of linear equations is solved
iteratively using a SIP-solver. The code is parallelized
based on domain decomposition using the M PI message
passing library. For details on the method refer to Durst
and Schafer (1996).

For code verification purposes, an opposed jet con-
figuration with Reynolds number Re = 6650 investigated
in house by Geyer et al. (2002) was computed first which
will not be described here (see Wegner et al., 2003).

3. Configuration, grid and boundary treatment

The most important parameter besides Reynolds
number characterizing mixing in the configurations
under investigation is the velocity ratio computed from
the bulk velocities of the two fluid streams. This ratio
determines the level of shear between the two streams
and hence the rate of mixing and is defined as
R = Ujet/Uer (assuming ¢ = const). The base configura-
tion investigated in this work was chosen to resemble the
setup of Andreopoulos (1983) with R = 0.5. The jet is-
sues perpendicular from a D =50 mm pipe with
Ujet = 6.95 m/s into a cross-stream approaching along a
flat plate with U, =139 m/s (Fig. 1). The corre-
sponding Reynolds number based on the jet velocity and
pipe diameter is 20,500.

An O-grid was used to model the pipe. The extensions
of the computational domain along with the grid reso-
lution are listed in Table 1. The total size of the grid was
430,000 cells. Although this number might seem quite
low, the reader should keep in mind that we are inves-
tigating a case with momentum ratio R =0.5. This
means that the jet does not penetrate far into the cross-
flow and hence we do not need a large number of points
in the wall-normal direction to achieve a good resolu-
tion. For validation purposes, we will later show a
comparison with results obtained for the same case, but
on a refined grid with 2 x 10° cells which indicate that the
number of cells used was sufficient.

=2

Fig. 1. Sketch of the problem domain along with the coordinate system
employed.
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Table 1
Size and numerical resolution of the computational domain
Direction Length Grid
points
Cross-flow  Stream-wise x/D=-2,...,9 128
Wall-normal y/D=0,....4 54
Transverse z/D=-3,...,3 52
Pipe Lengthwise y/D=-2,...,0 40
O-block stream-wise 20
O-block transverse 16
O-block radial 10

In the two other cases, the jet pipe is inclined by 30°
with and against the cross-flow direction. They are re-
ferred to as the 60°- and 120°-cases, respectively, with
the inclination « as indicated in Fig. 1.

The inflow boundaries were treated as follows. For
the jet pipe inflow artificial turbulence was generated
based on DNS results for a pipe flow (Loulou et al.
(1998)) employing the digital filtering method devised by
Klein et al. (2003). For the cross-flow the same approach
was tried first using DNS results from a plane boundary
layer as input, but did not give satisfactory results.
Hence, a fit to the experimental data was prescribed
without any fluctuations which previously had given
good results (Mengler et al., 2001). At the lateral
boundaries a symmetry condition was applied and a
Neumann condition was used for the outlet. On the
solid walls a no-slip condition is applied with no special
wall treatment for the SGS model. Instead, we rely on
the ability of the dynamic procedure to capture the
correct asymptotic behavior of the turbulent flow when
approaching the wall (see e.g. Lesieur and Métais, 1996).
This requires though that the boundary layer is resolved
on the computational mesh which we have achieved by
putting one grid point in the viscous sub-layer. Evalu-
ation of the wall shear stress during the simulation in-
deed shows that the distance of the wall next point is
yt 3.
After the turbulent flow field had developed for all
three cases, the simulations were run for some 20-30
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flow through times (based on the cross-flow velocity)
and statistics were sampled during this time. The time
step size was chosen to get CFL~ 1.

4. Results and discussion

First, the results of the 90°-case are compared to the
experimental data of Andreopoulos (1983) and Andre-
opoulos and Rodi (1984) to document the ability of the
LES computations to precisely capture the flow and
mixing phenomena in the investigated configuration.
Then, the velocity and scalar fields of all three cases will
be compared and the influence of the jet angle, especially
on the mean and turbulent statistics as well as the global
mixing quality, will be discussed.

4.1. Experimental Validation

Profiles in the jet center plane (z/D = 0) of mean
velocities, turbulent kinetic energy as well as mean
mixture fraction and its fluctuation are provided in Figs.
2-5. The computed mean axial and wall-normal veloci-
ties show a very good overall agreement with the
experimental data. The existing deviations can be ex-
plained by the fact that the hot wire anemometry em-
ployed by Andreopoulos and Rodi (1984) is not able to
determine the direction of the flow, an argument that
has already been put forward by Schliiter and Schonfeld
(2000). In contrast to the measurements, the LES shows
a negative axial velocity at x/D = —0.5 which is linked
to the well-known existence of a recirculation bubble
upstream of the jet orifice. The same argument is
applicable to the recirculation which is predicted by the
LES at x/D = 1. Since the magnitude matches well and
the neighboring positions are in good agreement with
the experimental data it must be assumed that a recir-
culation exists here. This is actually supported by
figure 1(a) in Andreopoulos and Rodi (1984) which is
taken from an earlier paper by Foss (1980) and which
clearly shows a recirculation.
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Fig. 2. Mean axial velocity for the 90°-case: LES (—), exp. data from Andreopoulos and Rodi (1984) (e).
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Fig. 3. Mean wall-normal velocity for the 90°-case: LES (—), exp. data from Andreopoulos and Rodi (1984) (@).
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Fig. 4. Turbulent kinetic energy for the 90°-case: current LES (—), exp. data from Andreopoulos and Rodi (1984) (@). (---) LES from a refined grid
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Fig. 5. Mixture fraction for the 90°-case: LES mean (—), exp. mean (@), LES RMS (---), exp. RMS (O). (Exp. data from Andreopoulos (1983)).

The turbulent kinetic energy £ (Fig. 4) shows good
qualitative and quantitative agreement in the jet exit
region, but in the region downstream of the jet exit,
influenced by large-scale structures, the turbulent fluc-
tuations seem to be over-predicted while the qualitative
agreement is quite good. In their paper, Andreopoulos
and Rodi (1984) specify the error for the velocity fluc-
tuations as high as 10%. They also mention that the hot-
wire anemometry employed for their measurements in

general tends to underestimate turbulence quantities. !
Differences between the LES and the work by Andreo-
poulos and Rodi (1984) might also arise from the fact
that the experimental boundary conditions are not

! In conjunction with the fact that actual negative velocity samples
were presumably recorded as positive by the hot-wire system used by
Andreopoulos and Rodi (1984), the fluctuation as second moment of
the PDF of velocity would be determined smaller than its real value.
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documented very well and hence could not be matched
in the simulation. This argument applies both to the
oncoming cross-flow boundary layer and the pipe flow
which in the simulation was assumed to be fully devel-
oped, but is surely influenced by the contraction nozzle
employed in the experiments. In order to better judge in
this matter, the quality of the LES was checked in sev-
eral ways. First, the amount of resolved kinetic energy
was estimated. To this end, the kinetic sub-grid energy

k368 was computed according to Yoshizawa (1982) as
2
B9 =Y =0.086. (5)
(CA)

The grid resolution as the ratio of the resolved energy
k' = Lulu] to the total energy contained in the flow,

erS

Ggs = kres + kSGS (6)
was found to exceed 80% in most parts of the jet with
only a small region just behind the jet exit where the
ratio was approximately 70%. These resulting values lie
in the criteria range suggested by Pope (2000). Second,
another simulation of the 90°-case was performed on a
finer grid with a total of 2x10° cells to investigate the
influence of the grid resolution. The results of this sim-
ulation are also plotted in Fig. 4. No big influence of the
increased resolution on the profiles of the kinetic energy
could be observed when comparing the results of the
two simulations. We therefore believe that the differ-
ences between the simulation and the experiments are
not due to an insufficient resolution.

Finally, the results obtained for the mixture fraction
f match quite well, too (Fig. 5). The position of the
mixing layer and hence the penetration of the jet into the
cross-stream agree precisely with the experimental data.
For some reason which is not yet clear, the decay of
mixture fraction inside the jet is slightly too slow. The
RMS fluctuations of f are reasonable when compared to
the experiments. Overall, we think that the results well
qualify LES to be used for the mixing analysis in the
next section.

4.2. Mixing analysis

Mixing analysis is helpful in various practical fields in
which control of mixing and flow is important (e.g.
Hilgers, 2000; Pricre et al., 2004). This can be achieved
by capturing the influence of different parameters on the
mixing rate. The latter can significantly be altered by
varying the flow properties (Reynolds numbers, velocity
ratios etc.), by imposing perturbations on the fluid flow
or by modifying the geometry of the flow configuration.

In this section, we focus on the characterization of the
mixing rate changes by varying the angle (¢ = 60°, 90°
and 120°) between the jet and the oncoming cross-flow
(see Fig. 1). We now discuss the global mixing processes
taking place in the three cases with different jet angles.

We start by giving a qualitative description of the
influence of the jet angle on the flow structures,
entrainment mechanism and mixing process.

4.2.1. Qualitative description

In Fig. 6, the time-averaged mixture fraction is shown
at several axial positions for all three cases. It can be
directly seen that the fluid coming from the jet is spread
fastest in the 120°-case where the jet is injected against
the cross-flow direction. Correspondingly, the mixing
process is slowest in the 60°-case.

The question is now what physical factors are
favorable for the enhanced mixing. The experimentally
observed instabilities (Fric and Roshko, 1994) associ-
ated with the interactions between the jet and the cross-
flow are related to the unsteadiness which occurs in both
the bending of the jet by the cross-stream and the de-
flected streamlines of the mainstream. The entrainment
into the jet and the resulting mixing process are then
affected by various base vortex systems formed at the lee
side of the jet, including a counter-rotating, kidney-
shaped vortex pair, horse-shoe and Karman wake vor-
tex on the wall. Flow animations for the different cases
were created and it was noticed that an increased incli-
nation of the jet results in an increased unsteady
behavior of the jet. Fig. 7 gives (although showing just
one instant of the flow) a good impression of this
unsteadiness by looking at iso-surfaces of the /,-crite-
rion. This criterion serves as a means to identify vortical
structures (see e.g. Jeong and Hussain, 1995) and is
defined as the second eigenvalue of the tensor
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Fig. 6. Mean mixture fraction at several axial positions. Left: 60°-case,

middle: 90°-case, right: 120°-case.
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with S;; and Q;; being the symmetric and antisymmetric
parts of the instantaneous velocity gradient tensor.
Other vortex identification criteria such as the QO-crite-
rion, the helicity and the magnitude of vorticity were
also tried, but did not give as clear pictures as the /,-
criterion. The horse-shoe, shear layer and counter-
rotating vortices can clearly be identified in the pictures.
This increased amount of unsteadiness also results in
more pronounced mean secondary flow features. As Fig.
8 shows, the strength of the counter-rotating vortex pair
in the deflected jet increases for an increased inclination.
This is due to the shear between the cross-flow and the
jet exiting the pipe which first induces ring-like shear
layer vortices which then develop into the pair of
counter-rotating vortices in the jet (Yuan and Street,
1998). Since the shear is stronger when the jet is inclined
towards the cross-flow, the vortices generated will also
be stronger. This process also seems to increase the
spreading rate of the jet. Since the cross-flow fluid is
entrained into the jet by the secondary flow motion, the
overall mixing rate is thus increased. In the following we
will now discuss the mixing on a quantitative basis.

4.2.2. Quantitative analysis

After the qualitative description of the entrainment
and mixing presented in the previous section we now aim
at a quantitative analysis of the mixing process. In order
to do this, two spatio-temporal quantities (the proba-
bility density function of the mixture fraction and the
mixedness parameter) will be used besides the scalar
energy spectrum. The influence of the jet angle on mixing
can well be seen when looking at spatio-temporal prob-
ability density functions of the passive scalar. Fig. 9
shows such PDFs obtained by sampling instantaneous
mixture fraction values in an axial plane at x/D = 2. All
curves show a large portion of unmixed cross-flow fluid
at f =0 which simply comes from the fact that the

773

samples were taken on an evenly spaced grid extending
into the undisturbed cross-flow. Except from that, it can
well be seen that both the shape and peak position of the
distributions are influenced by the jet injection angle.
While the 60°-case shows a bimodal shape with a narrow
peak of rather unmixed jet fluid, the distributions of the
two other cases are broader with the peak position being
moved towards a mixed state with an increasing jet angle.

The spatial inhomogeneity of the scalar field is linked
to the scalar fluctuation function as well as the corre-
sponding scalar fluctuation dissipation function. Addi-
tional insight into the mixing behavior of the different
configurations can therefore be gained by examining
spectra of scalar energy. These are obtained by Fourier
transformation of spatial autocorrelations of the scalar
concentration and present a measure for the fluctuation
of the scalar. The energy spectra shown in Fig. 10 were
computed for the axial direction at the point x/D = 4,
y/D=0.5, z/D=0. A number of experimental mea-
surements of turbulent complex flows of practical
importance have shown that the inertial sub-range with

PO 1

Fig. 9. Probability density function of mixture fraction in an axial
plane x/D = 2. The three cases are denoted by: 60° (—), 90° (---) and
120° (-+---).

Fig. 7. Isosurfaces of the A,-criterion showing instantaneous vortex structures present in the three cases. Left: 60°-case; middle: 90°-case; right:

120°-case.
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Fig. 8. Counter-rotating vortices in the secondary flow structure at x/D = 2. Left: 60°-case, middle: 90°-case, right: 120°-case.
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Fig. 10. Scalar energy spectrum computed from axial autocorrelations
around x/D = 4. The three cases are denoted by: 60° (——), 90° (---)
and 120° (---).

—5/3 slope is often not so extended (see in Peng and
Davidson, 2002) as in classical shear flows or jet flows
(see in Kang and Meneveau, 2001). For complex flows
with scalar transport, an additional sub-range exists
next to the k>/3 sub-range with a steep dependence on k
according to k=", with generally m > 5/3. In Peng and
Davidson (2002) m = 3 has been found. In Fig. 10, the
spectrum exhibits a non-extended inertial range with a
—5/3 slope followed at large wave numbers by a fairly
clear sub-range with a —10/3 to —12/3 slope differing
slightly for the three cases. It can now be seen that the
level of scalar energy clearly differs for the three cases.
While the 60°-case shows the highest level of fluctua-
tions, the 90°- and 120° show consecutively lower fluc-
tuation levels. Accordingly, in the 60°-case, mixing is
most incomplete and in the 120°-case mixing has pro-
ceeded furthest. This backs up our above argumenta-
tion. Of course, if integrating the spectrum over all wave
numbers, one gets the scalar variance 2. Indeed, if
plotting this quantity in a fashion similar to the plot of
the mean mixture fraction in Fig. 6, one can see that the
scalar fluctuations, although starting off at the jet exit
with the highest values in the 120°-case, decay most
rapidly in this case.

Up to now, the quantification of mixing by means of
PDFs and scalar energy spectra has only been done on a
local basis. We are interested in the global mixing,
though. Various quantities have been introduced in the
literature to account for a spatio-temporal quantifica-
tion of the mixing (see Priere et al. (2004)), but the
ability of these parameters to describe unequivocally the
evolution of the mixing process is not clearly estab-
lished. In this work, we choose a so-called ‘“‘mixedness
parameter’” M as proposed by Fric (1995).

- il [ e,

F here denotes the time averaged mixture fraction.
The integrals define the averaged deviation from the
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Fig. 11. Mixedness parameter for the three cases: 60° (O), 90° (W) and
120° (O).

plane averaged mean F in planes perpendicular to the
cross-flow. The index 0 in the denominator indicates
that the deviation at some arbitrary position is nor-
malized with the corresponding value at an initial po-
sition which in our case was set to the position of the
peak value of the integral in the numerator of expression
(8). The mixedness parameter M lies within [0,..., 1]
with 0 indicating completely separated fluids and 1
standing for completely mixed fluids.

In Fig. 11, the mixedness is plotted for all three cases.
It can be seen that the growth rate (the slope of the
mixedness parameter curve) of mixedness is almost the
same for the 90°- and 120°-cases with the 90°-case lag-
ging behind by approximately one jet diameter. The 60°-
case shows a significantly smaller rate of mixing than the
two other cases. For example, a value of M =0.5 is
hardly reached at x/D = 8 for the 60°-case, whereas the
same degree of mixing is reached at x/D = 3 already for
the 120°-case. It must be mentioned though, that the
increase in mixing is accompanied by an increased
pressure drop of ~9% in the 120°-case compared to the
perpendicular configuration.

5. Conclusions

We have once more demonstrated the ability of LES
to precisely capture the flow and mixing features in jets
in cross-flows when compared to experimental data.
After validating our computations against available
measurements, we performed simulations varying the
angle between the jet and the cross-flow. It could be
shown that this angle influences the characteristics of
secondary flow features which in turn have an effect on
the mixing process. In addition to PDFs of the scalar
concentration or scalar energy spectra as presented
above, the mixedness parameter provides valuable
information about the rate and level of mixing in the
different configurations.

All the parameters used lead to the same observation
with regard to the evolution of the mixing rate in the
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three cases investigated. From an engineering point of
view it seems favorable to inject the jet at an angle in-
clined against the oncoming main flow. The increased
mixing could help build shorter, lighter and cheaper
devices.
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